Combinatorial representation in terms of Schröder paths and other weighted plane paths are given of Laurent biorthogonal polynomials (LBPs) and a linear functional with which LBPs have orthogonality and biorthogonality. Particularly, it is clarified that quantities to which LBPs are mapped by the corresponding linear functional can be evaluated by enumerating certain kinds of Schröder paths, which imply orthogonality and biorthogonality of LBPs.
Introduction and preliminaries
Laurent biorthogonal polynomials, or LBPs for short, appeared in problems related to Thron type continued fractions (T-fractions), two-point Padé approximants and moment problems (see, e.g., [6] ), and are studied by many authors (e.g. [6, 4, 5, 12, 11] ). We recall fundamental properties of LBPs.
Remark. In this paper, and m, n are used for integers and nonnegative integers, respectively.
Let K be a field. (Commonly K = C.) LBPs are monic polynomials P n (z) ∈ K[z], n ≥ 0, such that deg P n (z) = n and P (0) = 0, which satisfy the orthogonality property with a linear functional L :
where h n are some nonzero constants. Such a linear functional is uniquely determined up to a constant factor, and then we normalize it by L[1] = 1 in what follows. It is well known that LBPs satisfy a three-term recurrence equation of the form P 0 (z) = 1, P 1 (z) = z − c 0 , P n (z) = (z − c n−1 )P n−1 (z) − a n−2 zP n−2 (z), n ≥ 2 (2) where the coefficients a n and c n are some nonzero constants. The LBPs P n (z) have unique biorthogonal partners, namely monic polynomials Q n (z) ∈ K[z], n ≥ 0, such that deg Q n (z) = n, which satisfy the orthogonality property L z − Q n (z) = h n δ ,n , 0 ≤ ≤ n, n ≥ 0,
or, equivalently, do the biorthogonality one
In this paper, we consider the case Q n (0) = 0, that is, we assume that the biorthogonal partners Q n (z) are also LBPs with respect to the functional L defined by L [z ] = L[z − ]. Our aim in this paper is a combinatorial interpretation of LBPs and their properties. Especially, we explain orthogonality and biorthogonality of LBPs in terms of Schröder paths and other weighted plane paths. This paper is organized as follows. In the rest of this Section 1, we introduce and define several combinatorial concepts used throughout this paper, e.g., Schröder paths and enumerators for them. In Section 2, we introduce Favard paths for LBPs, or Favard-LBP paths for short, with which we interpret the threeterm recurrence equation (2) of LBPs. They play an auxiliary role to prove claims in the following sections concerned with orthogonality and biorthogonality of LBPs. In Section 3, we give to the quantity
a combinatorial representation derived by enumerating some kinds of Schröder paths. We then show that the LBPs P n (z) can be regarded as generating functions of some quantities obtained by enumerating Favard-LBP paths, and that the corresponding linear functional L can be done by doing Schröder paths. Section 4 is devoted for a similar subject, but we consider the quantity
and combinatorially interpret the biorthogonal partners Q n (z). Finally, in Section 5, we clarify that we can evaluate the quantity L z P m (z −1 )Q n (z) , ∈ Z, m, n ≥ 0
by enumerating Schröder paths. As a result, we shall be able to understand from a combinatorial viewpoint the LBPs P n (z), the linear functional L, the biorthogonal partners Q n (z) and the orthogonality and the biorthogonality satisfied by them.
This combinatorial approach to orthogonal functions is due to Viennot [10] . He gave to general (classical) orthogonal polynomials, following Flajolet's interpretation of Jacobi type continued fractions (J-fractions) [3] , a combinatorial interpretation using Motzkin paths. Specifically, he showed, for general orthogonal polynomials p n (z) which are orthogonal with respect to a linear functional f , that the quantity
, m, n ≥ 0 can be evaluated by enumerating Motzkin paths of length , starting at level m and ending at level n, which implies the orthogonality f [p m (z)p n (z)] = κ m δ m,n . Kim [7] presented an extension of Motzkin paths and generalized Viennot's result for biorthogonal polynomials.
First of all, we introduce combinatorial concepts fundamental throughout this paper. We consider plane paths each of whose points (or vertices) lies on the point lattice
and each of whose elementary steps (or edges) is directed. (See Figure 1 , 2, etc., for example.) We identify two paths if they coincide with translation. We use the symbol Π ♥ ♦ for the finite set of plane paths characterized by the scripts ♥ and ♦. Moreover, for a plane path π = s 1 s 2 · · · s n , where each s i is its elementary step, we denote by s i (π) the i-th elementary step s i , and denote by s i,j (π) the part s i · · · s j if i ≤ j or the empty path φ if i > j, namely the path consisting only of one point. Additionally, we denote by |π| the number n of the elementary steps of π.
Valuations, weight and enumerators A valuation v is a map from a set of elementary steps to the field K. Then, weight of a path π is the product
and an enumerator for paths in Π ♥ ♦ is the sum of weight
Note that the enumerator µ ♥ ♦ (v) is a generalization of the cardinality of the set Π ♥ ♦ of plane paths, which is obtained by letting K = Q and letting the valuation v be the constant 1.
Schröder paths Commonly, a Schröder path is a lattice path in the xy-plane from (0, 0) to (n, n), n ≥ 0, consisting of the three kinds of elementary steps (1, 0), (0, 1) and (1, 1), and not going above the line {y = x}. The number of such paths are counted by the large Schröder numbers (the sequence A006318 in [9] ). See for Schröder paths and the Schröder numbers, e.g., [8, 1] and [2, pp.80-81] .
In this paper, instead, we use the following definition of Schröder paths, in which we consider direction of paths: rightward and leftward. A rightward Schröder path of length ≥ 0 is a plane path on L, the electronic journal of combinatorics 14 (2007), #R37
• starting at (x, 0) and ending at (x + , 0),
• not going under the horizontal line {y = 0},
• consisting of the three kinds of elementary steps: up-diagonal a 0) , where the subscript k of each elementary step indicates the level of its starting point. See Figure 1 for example. The definition of a leftward Schröder path of length ≥ 1 is same as that of rightward one, except for it ending at (x − , 0) and consisting of the three kinds of elementary steps: a 0) . We regard, for convenience, the empty path φ as a rightward path. We denote by Π S , ≥ 0, the set of such rightward Schröder paths, and do by Π SH . Additionally, we use the following notation for their sets, for any ∈ Z, and use the notation
Valuations, weight and enumerators for Schröder paths Let α = (α k ) ∞ k=0 and γ = (γ k ) ∞ k=0 be such two sequences on K that every term of them is nonzero. We then define a valuation v = (α, γ) by
where
We can regard this (13) as the transformation of valuations which maps v = (α, γ) to v * = (α * , γ * ). We then represent it as V * , that is, in this case v * = V * (v). In what follows, for any superscript ♥, we denote by α ♥ and γ ♥ sequences (α
, respectively, and denote by v ♥ the valuation (α ♥ , γ ♥ ). Using valuations of this kind we weight Schröder paths by (9) and then evaluate enumerators by (10) . For example, a few of them are
Clearly, we have the following. Lemma 1. Enumerators for Schröder paths satisfy the equalities
Since the transformation V * of valuations is an involution, then we have the following.
, then enumerators for Schröder paths satisfy the equalities
Linear functionals To combinatorially interpret LBPs, it shall be inevitable to define a linear functional in terms of Schröder paths as
with respect to which LBPs shall be orthogonal. We have the following from Lemmas 1 and 2.
, then linear functionals satisfy the equality
2 Favard paths for Laurent biorthogonal polynomials
Favard paths, appeared in [10] , are plane paths introduced to interpret general orthogonal polynomials, especially to do three-term recurrence equation satisfied by them. We use a similar approach to interpret LBPs and their recurrence equation. A Favard path for Laurent biorthogonal polynomials, or a Favard-LBP path for short, of height n and width is a plane path on L,
• starting at (x, 0) and ending at (x + , n), and • consisting of the three kinds of elementary steps: up-up-diagonal a
, and up c 
with which we may evaluate the enumerators µ F n, (v) for Favard-LBP paths. Moreover, we consider the generating functions of the enumerators
The structure of Favard-LBP paths obviously implies the following recurrence.
Proposition 4. Enumerators for Favard-LBP paths satisfy the equality
where µ F −1, (v) = 0 for each . Thus, the generating functions satisfy the recurrence equation
whose form is identical to that (2) of LBPs. Then, we can interpret LBPs in terms of Favard-LBP paths. This fact will be explicitly noted in Theorem 8 in the next section. 
First orthogonality
In this section, we give a combinatorial representation to the quantity
where P n (z) are the LBPs which satisfy the orthogonality (1) with the unique linear functional L, and do the recurrence equation (2) . For this, instead, we evaluate the quantity
where v and v * = V * (v) are valuations for Schröder paths. We then shall understand from a combinatorial viewpoint the LBPs P n (z), the linear functional L and the orthogonality (1) of the LBPs.
We consider such a Schröder path
that it has at least m + n steps (resp. m + n + 1 steps) and its m steps s 1 , . . . , s m and n ones s ν−n+1 , . . . , s ν are all up-diagonal and down-diagonal, respectively. See Figure 3 for example. We denote by Π S ;m,n (resp. by Π SH ;m,n ) the set of such paths. The next theorem is a main subject of this section.
Theorem 5 (First orthogonality). Let v be a valuation for Schröder paths and let
Then, generating functions of enumerators for Favard-LBP paths satisfy the equality
Particularly, they satisfy the orthogonality property
Hereafter we call this theorem, especially the formula (23), first orthogonality.
To prove the first orthogonality we introduce a new but simple kind of plane paths. An S×F path (ω, η) is an ordered pair of a Schröder path ω and a Favard-LBP path η, ω ω where ω ∈ Π SH if ω is leftward. Graphically, it is a path derived by coupling the ending point of ω and the starting point of η. See Figure 4 for example. We denote by Π S×F i,j , (i, j) ∈ L, the set of S×F paths from (0, 0) to (i, j). Note that it can be represented as
The first step to prove the first orthogonality is the next.
Lemma 6. The following equality holds,
Proof. We have from the definition (16) of linear functionals
This and (25) lead (26).
Prior to the second step, we classify S×F paths into two groups: proper and improper ones. A proper S×F path is a path in the sets
See Figure 5 for example. Note that Π F j,j = {η j,j } and Π • ω has at least one down-diagonal step or horizontal step in s 1,min {j,|ω|} (ω) (resp. in s 2,min {j+1,|ω|} (ω)), or
• η has at least one up-diagonal step (resp. up step) or up-up-diagonal step in s 1,min {j,|η|} (η).
The second step to prove the first orthogonality is the next.
,n of improper S×F paths, satisfying for any pair (ω, η) and
Proof. We show such an involution as a transformation which takes an improper S×F path (ω, η) as the input and outputs one (ω , η ) after transforming the input a little.
This In this transformation, (iP1) and (iP2), (iH1) and (iH1), (ii1) and (ii2), (iiiP1) and (iiiP2), and (iiiH1) and (iiiH2) are inverse to each other, respectively. That is, for example, if
,n is an involution. Finally, the equality (28) is easily validated using (13). For example, in the case (iiiP1), (ω , η ) is made from (ω, η) only by inserting a We make up a proof of the first orthogonality using these lemmas.
Proof of Theorem 5. Lemmas 6 and 7 lead
since in the summation of the right hand side of (26) The first orthogonality gives us a combinatorial representation of the LBPs P n (z) and the linear functional L in terms of Favard-LBP paths and Schröder paths, respectively. , z] → K be the unique linear functional with which the LBPs P n (z) have the orthogonality (1). Let v P = (a, c) be a valuation for Schröder paths. Then P n (z) and L are represented as
As a corollary we have the following.
Corollary 9. If a n + c n+1 = 0 for some n ≥ 0, then the constant term Q n+1 (0) of the biorthogonal partner Q n+1 (z) vanishes.
Proof. Since deg (c n+1 P n+1 (z) + a n zP n (z)) ≤ n, we have from the recurrence (2), and the orthogonalities (1), (4) and (3) 
Here, L[z −1 P n+1 (z −1 )] is explicitly calculated, with (30), (31) and the first orthogonality (23), as
Hence, Q n+1 (0) = 0.
Moreover, the nonzero constants h n appearing in the orthogonality (1) are
Second orthogonality
where Q n (z) are the unique biorthogonal partners of the LBPs P n (z) which are characterized by the orthogonality (3). For this, instead, we find such a valuationv that the generating functions G F n (v; z) satisfy the orthogonality and evaluate the quantity
We then shall understand from a combinatorial viewpoint the partners Q n (z) and their orthogonality (3). We consider only the case that Q n (0) = 0, namely that Q n (z) are also LBPs. Thus, from Corollary 9, we assume in what follows that the coefficients a n and c n of the recurrence equation (2) of the LBPs P n (z) satisfy a n + c n+1 = 0 for each n ≥ 0, and also assume that the valuation v = (α, γ) for Schröder paths satisfies α n + γ n = 0 for each n ≥ 0 so that v * = V * (v) satisfies α * n + γ * n+1 = 0. Lemmas 1 and 2 can be generalized for paths in Π We then have as a corollary of the first orthogonality (23) with Lemma 3
The valuation v appearing here is not a desired one, however it looks to be close to that. Thus, we call the equality (33) imperfect orthogonality, and we will use it to derive a desiredv afterwards. We also deal with paths which satisfy combinations of the above conditions. For example,
. Moreover, we take into consideration the existence of peaks and valleys in a Schröder path. Namely, we call two consecutive elementary steps a
SnP and Π SnV be the sets of Schröder paths without peaks and without valleys, respectively. We use the following notation to represent subsets of them, for ♥ = S or SH and for any subscript ♦
To find a desired valuationv, we consider enumerator-conserving transformations of Schröder paths. 
respectively.
Proof of (34a). We consider the transformation T S→SnP of plane paths defined by the next recursive algorithm.
Algorithm 2 (Transformation T
S→SnP ). For a given input π, output π as follows.
As shown in the example in Figure 9 , this T S→SnP replaces every peak with a horizontal step of the same level, and hence it maps Π S ;( ¬b m ),( holds. Thus, we obtain (34a) by summing this equality over ω ∈ Π SnP ;m,n . Thus, the transformation T S→SnP yields the equality (34a) of enumerators with the equality (35a) of valuations. In this sense we call it enumerator-conserving. We can prove (34b) and (34c) in similar ways, but we use the transformations T SnP→SnV and T S→SnV , respectively, defined as follows.
Algorithm 3 (Transformation T
SnP→SnV ). For a given input π, output π as follows.
Algorithm 4 (Transformation T S→SnV ). For a given input π, output π as follows.
T SnP→SnV maps Π SnP ;m,n onto Π SnV ;m,n by replacing the part of the form a Thus, combining the equalities in (34) and (35), we have
wherev is the valuation given bȳ Figure 11 : A transformation by T S→SnV .
with α −1 = 0 and γ −1 = 0. We represent this transformation (37) of valuations asV , namely in this casev =V (v). Then, the transformation
of valuations is an involution, which implies with Lemmas 1 and 2 and (36)
Additionally, it holds that
As a whole, we have Proposition 11. Let v andv be valuations for Schröder paths satisfyingv =V (v). Then, the following equalities of enumerators hold,
Particularly, in the case of m = n = 0 we have
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which is equivalent, in terms of linear functionals, to
Hence, we have from the imperfect orthogonality (33) with the last equality of (41)
where in the last equality we use the symmetry of flipping a Schröder path in the horizontal direction.
On the other hand, the above three enumerator-conserving transformations T S→SnP , T SnP→SnV and T S→SnV also yield the following.
Lemma 12. The following equalities of enumerators hold for ≥ 0, 
We then have the first equality of (45a). Similarly, we can obtain the second one of (45a). The equalities (45b) and (45c) are obtained using T SnP→SnV and T S→SnV , respectively.
In a way similar to that used to obtain Proposition 11 from Lemma 10, we have the following.
Proposition 13. Let v andv be valuations for Schröder paths satisfyingv =V (v). Then, the following equalities of enumerators hold, the electronic journal of combinatorics 14 (2007), #R37
• if ≤ −1 and − − 1 = m = n does not hold, then
• if ≥ 0 and = m = n does not hold, then
• otherwise
where α −1 = 0 and γ −1 = 0.
Hence, we have from the imperfect orthogonality (33) with the equalities (43), (46a) and the first of (46c)
Thus,v =V (v) is a desired valuation, that is, we have the following by combining the equalities (44) and (47).
Theorem 14 (Second orthogonality). Let v be such a valuation for Schröder paths that α n + γ n = 0 for each n ≥ 0, and letv =V (v). Then, generating functions of enumerators for Favard-LBP paths satisfy the equality
Hereafter we call this theorem, especially the formula (48), second orthogonality. This theorem gives us a combinatorial representation of the biorthogonal partners Q n (z) in terms of Favard-LBP paths. ∞ k=0 satisfy the condition a n +c n+1 = 0 for each n ≥ 0. Let v P = (a, c) be a valuation for Schröder paths. Then the biorthogonal partners Q n (z) ∈ K[z] of the LBPs P n (z) are represented as
where the valuation v Q is given by v Q =V * (v P ).
Here we also know the following with Corollary 9.
Corollary 16. The biorthogonal partners Q n (z) are again LBPs if and only if the recurrence coefficients a n and c n of P n (z) satisfy a n + c n+1 = 0 for each n ≥ 0.
Biorthogonality
Finally, in this section, we give a combinatorial representation to the quantity
which shall imply the biorthogonality (4). For this, instead, we evaluate the quantity
where v, v * = V * (v) andv =V (v) are valuations for Schröder paths.
Case m ≤ n: Expanding G F m (v * ; z) in the right-hand side of (51) and using the second orthogonality (48), we have
where Σ 1 and Σ 2 are
Here, Σ 1 is evaluated as
Proof of (54). We can rewrite Σ 1 in (52) as
where Π 1 is the set of S×F paths from (0, 0) to ( + n, m)
If ≤ 0, then Π 1 is empty and Σ 1 = 0. Let us consider the case ≥ 1. For any (ω, η) ∈ Π 1 , the Schröder path ω is rightward and its length is at least n + 1. Additionally, if its length is n + 1, then it is any of Π 
Case m > n: First, we rewrite Σ ;m,n (v) in (51), using (43) and Lemma 3, as 
As a result, we have the following. Particularly, they satisfy the biorthogonality property
This biorthogonality, letting m = 0, naturally induces the second orthogonality of Theorem 14. Similarly, it does the first one of Theorem 5 by letting n = 0, which, however, is seen unobvious at a glance in the case = m = 0 and in the one ≤ −1. At the last, let us confirm this. Substituting n = 0 in the biorthogonality (58), we have 
